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INTRODUCTION

The Philippine agriculture sector has continued 
to experience a significant decline in the country’s 
total GDP contribution, from 10% in 2022 to 8% 
in 2024 (Philippine Statistics Authority, 2024) This 
is caused by inefficient and insufficient irrigation 
systems, lack of machinery, and underutilization of 
fertilizers. Innovative solutions such as cloud seed-
ing, shelterbelts, and even utilization of drought-tol-
erant crops are financially challenging and difficult 
to implement (Garduque et al., 2020). Moreover, 
only 57% of the nutrients in the fertilizer applied is 
taken up by plants; the excess 43% leaches, thereby 
causing environmental degradation through deple-
tion of soil nutrients and run-off to nearby bodies of 
water (Magcale-Macandog et al., 2016).

A solution to address water shortage and fer-
tilizer underutilization is the use of hydrogels as 

water and nutrient carrier. Hydrogels are water-
swollen polymeric materials that maintain a three-
dimensional structure (Rizwan et al., 2024). They 
have recently emerged in the field of agriculture 
due to their superabsorbent properties demon-
strated by high water holding capacity and soil 
moisture retention, as well as controlled solute re-
lease properties (Saruchi et al., 2019). However, 
most commercially available hydrogels are made 
of polyacrylate and acrylate derivatives which 
are synthetic, non-renewable, and toxic to the en-
vironment (Lin et al., 2024; Zhang et al., 2025). 
Hence, natural and renewable sources can be used 
as alternatives to these synthetic polymers. 

Garduque et al. (2020) synthesized a hydro-
gel blend of hydroxypropyl cellulose (HPC), 
carboxymethyl cellulose (CMC), and alginate. 
HPC is often a good candidate in hydrogel syn-
thesis due to the hydrogen bonding provided by 
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its hydroxyl groups (Nalzaro et al., 2019; Zhang 
et al., 2024). CMC is a smart cellulose derivative 
as it is sensitive to changes in ionic strength (Aka-
lin and Pulat, 2018). Meanwhile, alginate is the 
component that causes to form a gel under con-
trolled proportions of cations via ionic gelation 
(Yetilmezsoy et al., 2024). Garduque et al. (2020) 
identified that 42% HPC, 29% CMC, and 29% al-
ginate is the optimal blend upon conducting an 
optimization via weighted averaging based on the 
water sorption and nutrient loading capacities.

Andes et al. (2021) improved this finding by 
doing performance testing and investigating the 
reusability of the synthesized hydrogels in Figure 
1. They found out that the swelling ratio gradu-
ally decreases after multiple cycles of swelling-
deswelling and that the behavior of the nutrient 
release consists of an initial fast-release response 
followed by an equilibrium release. However, 
none of these findings provide insight on how 
the internal structure of the hydrogels react to the 
stresses brought about by water sorption, how fast 
this mechanism proceeds, nor what factors affect 
these reactions. Hence, there is a need to math-
ematically model its behavior to predict the per-
formance of hydrogels without having to perform 
additional experiments

The main objective of this research is to com-
plement the study of Andes et al. (2021) by math-
ematically defining the kinetics behavior of water 
sorption and nutrient release of the nutrient-loaded 
HPC/CMC/Alg hydrogels under more realistic 
mechanisms. Specifically, the research aims to de-
termine the kinetic parameters of a concentration-
dependent water sorption and nutrient release of 
the hydrogels using several models and to predict 
their performance using the determined param-
eters. The mathematical modeling aspect in this 
research will test established models enumerated 
in the succeeding section. A semi-empirical model 

will also be developed and tested in this study and 
it will be derived in the succeeding sections.

This study will focus on the kinetics mod-
eling of the water sorption and nutrient release 
behavior of the HPC/CMC/Alg hydrogels using 
the optimal blend determined by Garduque et al. 
(2020). The water sorption and nutrient release 
data of Andes et al. (2021) will be utilized in the 
mathematical modeling. Power law model will be 
used as a preliminary model to compare the suc-
ceeding predictive models with. Nutrient release 
studies will lump the fertilizer nutrients as one en-
tity, and not separately as nitrogen, phosphorus, 
and potassium.

MATHEMATICAL MODELS

The swelling behavior of hydrogels can be 
categorized into three steps. First, water mole-
cules attach into the polar functional groups of the 
polymeric network like hydroxyl groups and car-
boxyl groups (Casalme et al., 2016). Next, poly-
mer chains untangle and transition into a glassy 
state in a manner of relaxation, thereby providing 
more space for water molecules to attach. Lastly, 
the polymeric network continues to expand as 
more water enters until saturation. At saturation, 
the forces of osmotic pressure and elastic binding 
balance each other (Fei et al., 2024) This depic-
tion of hydrogel swelling is proven to be true re-
gardless of whether the hydrogel is homogeneous 
or heterogeneous. Homogeneous hydrogels are 
those that are made of only one polymeric mate-
rial. On the other hand, heterogeneous hydrogels 
are made of more than one polymeric material, 
which are common for applications that not one 
material can address as in the case of the individ-
ual reinforcements of HPC, CMC, and alginate 
by Garduque, et al. (2020).

Figure 1. Synthesized HPC/CMC/Alg hydrogels: (a) before drying, (b) after drying (Andes et al., 2021)
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During the transition between glassy state 
and rubbery state, a coupling between mechani-
cal stress and diffusion is observed. As shown in 
Figure 2, swellable polymers like hydrogels ex-
hibit stress relaxation when stretched due to wa-
ter uptake. When this constant strain brought is 
induced, the polymer matrix slowly re-swells to 
an equilibrium volume by rearranging its initial 
polymeric structure as physical bonds rupture 
(Giustiniani et al., 2023; Takigawa et al., 2002). 
The penetration of moisture during the preceding 
swelling mechanism results to a reduction of in-
terstitial suction pressure within the hydrogel but 
an increase in the elastic stress, signifying that 
this subsequent stage is characterized as visco-
elastic in nature (Chiarelli et al., 1993; Yang et 
al., 2021). Swelling also results in a redistribution 
of the polymeric chains while the amount of these 
chains in the medium remains unchanged. In-
creased moisture content in water sorption stud-
ies can be linked to an increase in porosity when 
a polymeric material swells (Nicasy et al., 2024).

The Fick’s laws of diffusion are used in mod-
elling the transport kinetics of the swelling phe-
nomenon in these swellable hydrogels. Fick’s 
second law of diffusion, shown in Eq. 1, is used 
to quantitatively describe the relation between 
time and concentration of molecules in the net-
work of spherical hydrogels. Common applica-
tions of Fick’s second law include modelling the 
controlled drug release in pharmaceutical and 
biomedical applications of hydrogels (Nguyen et 
al., 2024; Qureshi et al., 2023).
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where: p – mass concentration, t – time, D – dif-
fusion coefficient, r – radial position

From Fick’s second law of diffusion in Equa-
tion 1, different models have been developed 

according to mechanism. These models include 
the commonly used Korsmeyer-Peppas and Be-
rens-Hopfenberg models and the modified mod-
els accounting for non-idealities such as concen-
tration-dependent diffusion coefficients and diffu-
sion with moving boundaries. The water sorption 
data and nutrient release data of this research will 
be fitted into these models. The goal of data fitting 
is to determine the values of the kinetic param-
eters present in these various models that can best 
represent the sets of experimental data points. 
Data fitting is often done by minimizing the dif-
ferences between the model’s predicted values 
and the actual data.

Model for diffusion mechanism

Ritger and Peppas (1987) explored the applica-
bility of the power law expression to the diffusion 
behavior of hydrogels where Mt is the amount of 
solute that had diffused at any given time t while 
M∞ is the total amount of solute that had diffused 
(i.e., amount at hydrogel saturation). This was the 
basis of the commonly known Korsmeyer-Peppas 
model in Equation 2 which involves linearization 
techniques. By solving Fick’s first and second laws 
of diffusion for different geometries and truncating 
some terms for the sum of errors to simplify the 
formulas, they reported that the power law expres-
sion fits only the first 60% uptake of the process 
(Korsmeyer et al., 1983).
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where: Mt – mass of solute that had diffused at 
any given time t, M∞ – mass at hydrogel 
saturation, k – diffusion constant, n – dif-
fusion exponent

Figure 3 shows the typical diffusion mecha-
nism of water sorption into the hydrogel matrix. 

Figure 2. Sorption phenomena of swellable hydrogels
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The diffusion constant k accounts for the ge-
ometry and the physical properties of a sample, 
while the diffusion exponent n describes the man-
ner of swelling which is summarized in Table 1. 
This model was used by Boztepe et al. (2015) to 
model the swelling of acrylamide-based hydro-
gels by intelligent systems and found out that k 
is dependent on the crosslinker concentration. 
It is also applicable to several geometries as is 
the case of Fosca et al. (2022) where cylindrical 

samples of calcium phosphate cements or CPCs 
are used as drug delivery carriers for bone healing 
and regeneration.

Model for diffusion-relaxation mechanism

Berens and Hopfenberg (1978) described dif-
fusion as both contributed by diffusion and poly-
mer relaxation. They derived a model from Fick’s 
second law of diffusion by simple linear superpo-
sition. The diffusion component was derived from 
the sorption of particles at constant radius R and is 
dependent on the diffusion coefficient D. Equation 
1 was further converted to make the boundaries 
homogeneous. Figure 4 shows the sequential dif-
fusion-relaxation mechanism of hydrogel swelling.

Figure 5 shows the corresponding initial 
and boundary conditions for the diffusion com-
ponent of the Berens-Hopfenberg model which 
can then be solved analytically via the Sturm-
Liouville theory.
 • initial condition (IC): initially within the hy-

drogel, the mass concentration p is equal to the 
radial position r multiplied by ρ1 which is the 
density at the hydrogel boundary

 • first boundary condition (BC1): at the center of 
the hydrogel, the mass concentration p is zero

 • second boundary condition (BC2): at the hydro-
gel boundary, the mass concentration p is zero

The relaxation component was assumed that 
the rate of the limiting relaxation step is first order 
with respect to the concentration difference where 
kR is the relaxation rate constant. The Berens-Hop-
fenberg model, shown in Equation 3, accounts for 
the relative amount of particle uptake from diffu-
sion and relaxation through the fractions xF and 
xR, respectively, which should add up to 1.

Figure 3. Diffusion mechanism of swelling

Table 1. Type of transport dictated by the diffusional 
exponent (Korsmeyer et al., 1983) 

Diffusion exponent, n Type of transport

n < 0.5 Pseudo Fickian

n = 0.5 Case I (Fickian)

0.5 < n < 1.0 Anomalous non-Fickian

n = 1.0 Case II (non-Fickian)

n > 1.0 Superanomalous non-Fickian

Figure 4. Diffusion-relaxation mechanism of swelling
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where: xF – uptake fraction through diffusion, xR 
– uptake fraction through relaxation, R – 
radius of hydrogel.

Elaboudi et al. (2020) used the Berens-Hop-
fenberg model to characterize the sorption kinet-
ics of poly-tetrafluoroethylene in different liquids. 
Through the model, they were able to prove that 
the contribution of polymer relaxation is more 
significant than the diffusion. This model is some-
times modified depending on the system and ap-
plication. In glass fiber reinforced composites or 
GFRPs, da Silva et al. (2024) modified the model 
to account for post-curing effects on moisture ab-
sorption in epoxy matrix composites while Jiang 
et al. (2012) modified the model to account for the 
hydrolysis phenomenon by adding a third term.

Model for system with moving boundary

Both the Korsmeyer-Peppas model and Be-
rens-Hopfenberg model do not account for the 
change in hydrogel size during swelling, as shown 
in Figure 6. Fick’s second law of diffusion may be 
used to derive a model for the diffusion of particles 
from in between phases wherein the boundary is 
moving. Crank (1979) obtained the concentration 
profiles for phases 1 and 2. These are initially de-
rived for infinite media but were later proven to be 
applicable to media bounded by one or two planes.

Transport systems involving moving bound-
aries are often called a Stefan problem which was 
first demonstrated as the melting of a semi-infinite 
sheet of ice (Karabenli, 2016). Astaluta and Sarti 
(1978) provided experimental evidence of sol-
vent penetration into glass polymers. This list of 

evidence, summarized by Hsieh (2012), include 
the presence of a morphological discontinuity in 
the polymer that divides the glassy and rubbery 
regions. This interface moves at a rate which is 
initially constant.

With the complex solutions to problems in-
volving systems with moving boundaries, sev-
eral studies have developed a method in mod-
eling these types of systems. One of the com-
putational methods used by Gulkac (2010) to 
solve a two-dimensional fusion problem with 
convective boundary conditions was the lo-
cally one-dimensional (LOD) scheme which is 
an improvement of the typical finite difference 
methods. Karabenli (2016) used different nu-
merical methods to address the complexities of 
a Stefan problem. These include variable space 
grid method, boundary immobilization method, 
and isotherm migration method to simplify the 
complex boundary conditions of the Stefan 
problem. Then, they utilized the cubic B-splines 
collocation finite element method to model the 

Figure 5. Diffusion component of the Berens-Hopfenberg model

Figure 6. Swelling with moving boundary
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simplified problem. These studies establish the 
usefulness of the methodology of Crank (1979) 
in developing models for diffusion with mov-
ing boundary for different geometries and ap-
plications, like for agricultural hydrogels with 
spherical geometries.

MATERIALS AND METHODS

Data gathering

Water sorption data from the reusability char-
acterization test and nutrient release data of An-
des et al. (2021) were retrieved. These available 
data were transformed into the fractional form 
Mt/M∞ which may be used for data fitting and 
model validation. Masses of the swollen hydrogel 
through time were processed through Equation 
4 (Garduque et al., 2020). Data for conductivity 
tests of the nutrient release in the bulk water me-
dium was transformed through Equation 5. 
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 (4)

where: mt – mass of the swollen hydrogel at any 
given time t, mdry – mass of the dried hydro-
gel at t = 0, msat’d is the mass at saturation.
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where: Xt – conductivity at any given time t, Xi – 
conductivity at t = 0, and Xsat’d – conduc-
tivity at saturation.

Data fitting and model validation

The fractional mass ratio data Mt/M∞ of first-
cycle water sorption and nutrient release of Andes 
et al. (2021) were fitted into different models. The 
kinetic parameters determined from the first-cy-
cle water sorption data fitting were validated us-
ing the second-cycle water sorption data of Andes 
et al. (2021). 

Korsmeyer-Peppas model

The processed data for the first-cycle wa-
ter sorption and nutrient release of Andes et al. 
(2021) were fitted into the Korsmeyer-Peppas 
model shown in Eq. 2 as performance reference 
of the succeeding models. The diffusion constant 
k and diffusion exponent n for the best-fit line 
were determined.

Berens-Hopfenberg model

The constant-radius sorption of a diffusion 
with relaxation is investigated. The processed data 
were fitted into the Berens-Hopfenberg model that 
characterizes the behavior of this mechanism, as 
shown in Equation 3. The fractions xF and xR, re-
laxation rate constant kR, and D0 were determined.

The Berens-Hopfenberg model assumes that 
the diffusion coefficient is constant. However, dif-
fusion coefficient can be affected by system prop-
erties like concentration. A model for the concen-
tration-dependence of the diffusion constant uses 
C as the solute concentration and β as the concen-
tration coefficient (Amsden, 1998). This was in-
corporated into the modified Berens-Hopfenberg 
model to perform another data fitting as shown 
in Eq. 6. The diffusion coefficient at infinite dilu-
tion D0 and concentration coefficient β were also 
determined aside from xF, xR, and kR.
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where: D0 – diffusion coefficient at infinite dilu-
tion, β – concentration coefficient, C – 
solute concentration.

Model for diffusion with moving boundary

The variable-radius diffusion mechanism was 
investigated. As shown in Figure 7, the hydrogel 
initially has a radius of R0 at time t = 0. Through 
time, the boundary r = R between the hydrogel and 
bulk water phases moves along the positive radial 
direction as water molecules continue to diffuse 
into the hydrogel. Figure 7 also shows the corre-
sponding initial and boundary conditions applied 
to the Fick’s second law of diffusion in Equation 
1 for both the hydrogel and bulk water phases. A 
series of combination of variables, integration by 
parts, and Laplace transforms was utilized to solve 
the differential equation. For the hydrogel phase A:
 • initial condition (IC): initially within the hy-

drogel, the mass concentration in the hydrogel 
phase pA is equal to the radial position r multi-
plied by Ci which is the initial concentration of 
the penetrant in the hydrogel phase

 • first boundary condition (BC1): at the hydrogel 
boundary, the mass concentration in the hydrogel 
phase pA approaches that of the initial condition

 • second boundary condition (BC2): far outside 
the hydrogel boundary, the mass concentration 
in the hydrogel phase pA is arbitrarily set to be 
equal to a constant a 
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For the bulk water phase B:
 • initial condition (IC): initially outside the hy-

drogel, the mass concentration in the bulk wa-
ter phase pB is equal to the radial position r 
multiplied by C0 which is the bulk concentra-
tion of the penetrant in the bulk water phase

 • first boundary condition (BC1): at the hydro-
gel boundary, the mass concentration in the 
bulk water phase pB is arbitrarily set to be 
equal to a constant b 

 • second boundary condition (BC2): far outside 
the hydrogel boundary, the mass concentration 
in the bulk water phase pB approaches that of 
the initial condition

 • The processed data were fitted into a semi-
empirical model that represents this behavior. 

A concentration profile was developed from 
Fick’s second law of diffusion. This concentration 
profile was simplified and converted into the frac-
tional mass ratio Mt/M∞ by imposing the follow-
ing assumptions:
 • constant temperature;

 • diffusion is unidirectional because the edge ef-
fects are negligible;

 • negligible external mass transfer resistance 
since the hydrogels are hydrophilic so the wa-
ter molecules will not experience any resis-
tances traveling to the hydrogel surface; and

 • equal penetrant concentrations of the two 
phases at the boundary due to conditions of 
phase equilibria.

Coefficients were used to represent these as-
sumptions to develop a semi-empirical model. 
The fractional mass ratio data were fitted into this 
model and the empirical coefficients along with 
the diffusion coefficient D were determined.

RESULTS AND DISCUSSION

Korsmeyer-Peppas model

As performance reference, the water sorp-
tion data and nutrient release data were first fitted 

Figure 7. Phases in a swelling mechanism with moving boundary

Figure 8. Korsmeyer-Peppas model for water sorption: (a) fitting, (b) residual plot
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using the simple and commonly used Korsmeyer-
Peppas model in Equation 2. Upon curve fitting 
of the data, kinetic parameters k and n were de-
termined. Figure 8 shows the best-fit line and the 
corresponding residual plot of the water sorption 
data, and Figure 9 for the nutrient release data. 
Table 2 shows a summary of the kinetic param-
eters of the model.

As shown in Table 2 and referring Table 1, 
both water sorption and nutrient release behavior 
have n values below 0.5, depicting a pseudo Fick-
ian diffusion. This could mean that the data sets do 
not fit well with the model, as also shown by the 
low values of R2. The poor data fitting, as shown 
by the low values of R2, can also be verified by 
the distribution of residuals. The model must be 
able to predict the response that only the inher-
ent randomness contributes to the error portion of 
the observed value. Ideally, the model is a good 
approximation to the data set if the residuals are 
randomly scattered around the x-axis. However, 
Figures 8b and 9b follow a non-random pattern, 
evident from the initial steep rise followed by a 
gradual fall. This pattern indicates that the deter-
ministic portion (time-variable) of the model is 
not able to capture some explanatory information 
that may have also affected the residuals (Everitt 
and Skrondal, 2010). When subjected to the Sha-
piro-Wilk test for normality at an alpha value of 
0.05, both data sets of residuals failed.

A limitation of the Korsmeyer-Peppas model 
is that it fits accurately only the first 60% of ac-
cumulated uptake or release (Ritger and Peppas, 
1987). The first 60% of the nutrient release data 
can be selectively fitted to the Korsmeyer-Peppas 
model. The best-fit line is shown in Figure 9 with 
a high agreement of R2 = 0.9993. The calculated 
parameters for the first 60% is k = 0.2854 and n = 

0.5610 which are significantly different from the 
values reported in Table 2. In this truncated data 
set, a realistic value of n was obtained, depicting 
an anomalous non-Fickian diffusion wherein the 
rates of diffusion and of relaxation are compara-
ble to each other (Korsmeyer et al., 1983). These 
comparable rates are manifested as hydrogels 
transition from a partially rubbery to glassy state 
(Ganji et al., 2010).

Berens-Hopfenberg model

Swelling kinetics that follow Fick’s laws of 
diffusion is unlikely to prevail throughout the 
entire swelling phenomenon, especially if dif-
fusion is no longer controlling and is instead 
replaced by stress relaxation. Relaxation exists 
in polymer matrices when interchain hydrogen 
bonds rupture at an increasing number of sites 
(Schott, 1992).

An accurate model for the diffusion-relax-
ation mechanism of the sorption of solute is the 
Berens-Hopfenberg model shown in Equation 3 
which is a superposition of the Fickian diffusion 
and first-order relaxation. This model is concep-
tualized through the idea of constant-size sorp-
tion. The Berens-Hopfenberg model used in the 
curve fitting of the water sorption data and nu-
trient release data is presented in Eq. 7. Figure 
10 shows the best-fit line and the corresponding 

Figure 9. Korsmeyer-Peppas model for nutrient release: (a) fitting, (b) residual plot

Table 2. Kinetic parameters of the Korsmeyer-Peppas 
model

Kinetic parameter Water sorption Nutrient release

Diffusion constant, k 0.4993 0.4747

Diffusion exponent, n 0.0974 0.2208

R2 0.9893 0.9130
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residual plot of the water sorption data, and Fig-
ure 11 for the nutrient release data. Table 3 shows 
a summary of the obtained kinetic parameters of 
the Berens-Hopfenberg model in Equation 7.
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where: D’ – lumped coefficient for D and R.

Figures 10b and 11b follow a random pattern, 
indicating a good representation of the Berens-
Hopfenberg model (Everitt and Skrondal, 2010). 
As shown in Table 3, both behaviors had signifi-
cant values of xR than xF. This confirms that there 
is sorption through diffusion and relaxation. A 
two-stage sorption process is present where the 
initial stage is when solutes diffuse into a polymer 
matrix followed by a stage where polymer chains 
relax (Thybring et al., 2019). Specifically, xR val-
ues for both water sorption and nutrient release 
are greater than xF depicting greater water uptake 
during relaxation than diffusion. Stress relaxation 
during swelling can be divided further into two 

Figure 10. Berens-Hopfenberg model for water sorption: (a) fitting, (b) residual plot

stages: first wherein the stresses of hydrogels de-
crease rapidly with time, followed by a gradual 
decrease wherein the relaxation basically reaches 
equilibrium (Sun et al., 2021).

The kR values are greater than the lumped co-
efficient D’ for both behaviors. This means that 
the sorption process of the hydrogels is relaxation-
controlled (Zang et al., 2019). The rearrangement 
of the polymer chains due to the penetrants in-
creases the available free volume for more pen-
etrants to diffuse (Wind and Lenderink, 1995). 
For cellulose-based swellable polymers like the 

Figure 11. Berens-Hopfenberg model for nutrient release: (a) fitting, (b) residual plot

Table 3. Kinetic parameters of the Berens-Hopfenberg 
model

Kinetic parameter Water 
sorption

Nutrient 
release

Diffusion fraction, xf 0.3786 0.4940

Relaxation fraction, xr 0.6214 0.5060
Lumped diffusion coefficient, 
D’ (min-1) 0.0002595 0.02726

Relaxation rate constant, 
kr (min-1) 0.03308 0.1332

R2 0.9999 0.9995
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HPC/CMC/Alg hydrogel matrix, stress relaxation 
dominates due to faster diffusion rates at high 
moisture content (Thybring et al., 2019). The hy-
drogen bonding from the hydroxyl groups pres-
ent in the cellulose derivatives easily responds to 
the swelling stress induced by osmotic pressure 
(Hopfenberget al., 1976). As for nutrient release, 
hydrogels assume a compact structure wherein 
nutrient release could take place significantly if 
the polymeric chains relax (Tan et al., 2008).

The dependence of the diffusion coefficient 
on concentration was investigated through the 
modified Berens-Hopfenberg equation. Follow-
ing the similar modification in lumping D and R, 
the concentration-dependent Berens-Hopfenberg 
model in Equation 6 is further modified to Equa-
tion 8 where water sorption data and nutrient 
release data are subjected into fitting. Figure 12 
shows the best-fit line and the corresponding re-
sidual plot of the water sorption data, and Figure 
13 for the nutrient release data. Table 4 shows a 
summary of the kinetic parameters of the model 
in Equation 8.
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where: D0’ – lumped coefficient for D0 and R.

Figures 12b and 13b follow a random pattern, 
indicating a good representation of this modified 
Berens-Hopfenberg model for the data sets (Ever-
itt and Skrondal, 2010). The values in Table 4 did 
not vary significantly from those in Table 3. Even 
in this modified Berens-Hopfenberg model, poly-
mer relaxation is more pronounced than diffusion 
in the sorption of this cellulose-based hydrogel.

From Table 4, the nutrient release behavior 
obtained a higher value of β. The dependence of 
the diffusion coefficients on concentration cannot 
be modeled easily and there is no single predic-
tive correlation that can provide a good estimate 
(Poling et al., 2001). Nevertheless, a common 
understanding about this correlation is that the 
diffusion coefficients increase with concentra-
tion. This can be supported by the simple anal-
ogy that the amount of solutes in bulk are directly 

Figure 12. Modified Berens-Hopfenberg model for water sorption: (a) fitting, (b) residual plot

Figure 13. Modified Berens-Hopfenberg model for nutrient release: (a) fitting, (b) residual plot
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proportional to the amount of solutes that can 
transport through a certain plane or membrane. 

Semi-empirical model for diffusion with 
moving boundary

Since the hydrogel surface represents one of 
the mass transfer boundaries, its movement rep-
resents a dynamic behavior of the diffusion path 
length. A specific model by Crank (1979) can be 
derived from Fick’s second law of diffusion for 
the schematic illustration in Figure 7. The con-
centration profile of a penetrant diffusing into 
phase A from B can be represented by the derived 
Equations 9 and 10 (Crank, 1979).
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where: C – concentration of the penetrant in phases 
A and B at any radial position r and time t, 
C|R – concentration at the hydrogel bound-
ary, R – radial position of the boundary, D 
– diffusion coefficient of the penetrant in 
phases A and B, Ci – initial concentration 
of the penetrant in phase A, C0 – bulk con-
centration of the penetrant in phase B.

The rate at which the boundary is moving can 
be derived from these two profiles. This can be 
simplified into Equation 11 where K is a lumped 
coefficient on DA, DB, C0, and Ci.
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where: R – radius of hydrogel at any time t, R0 
– initial radius of hydrogel, K – lumped 
coefficient for DA, DB, C0, and Ci.

The following steps detail the derivation of 
the semi-empirical model developed in this study:
 • Assuming negligible external mass transfer 

resistance, the system will only consider Eq. 9 
in modeling where mass transfer resistance in 
the hydrogel phase A is significant. 

 • In converting the fractional concentration ra-
tios to fractional mass ratios Mt/M∞, a correc-
tion factor A is introduced as a coefficient of 
the complementary error function. 

 • The swelling length in the argument of the 
complementary error function is represented 
instead by the swelling radius determined 
through Equation 11 since radial position 
does not affect the total mass uptake at any 
given time t. 

The developed semi-empirical model, shown 
in Equation 12, was used to fit the data for water 
sorption and nutrient release. Figure 14 shows 
the best-fit line and the corresponding residual 
plot of the water sorption data, and Figure 15 for 
the nutrient release data. Table 5 shows a summa-
ry of the kinetic parameters of the semi-empirical 
model in Equation 12.

Table 4. Kinetic parameters of the modified Berens-
Hopfenberg model

Kinetic parameter Water 
sorption

Nutrient 
release

Diffusion fraction, xf 0.3083 0.2398

Relaxation fraction, xr 0.6917 0.7602
Relaxation rate constant, 
kr (min-1) 0.03452 0.1613

Lumped diffusion coefficient, 
D0’ (min-1) 0.00000964 0.05976

Concentration coefficient, β 0.1641 0.9205

R2 0.9999 0.9992

Figure 14. Semi-empirical model for water sorption: (a) fitting, (b) residual plot
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where: A – correction factor, R – radius of hydro-
gel at any time t, D – diffusion coefficient.

Figure 14b follows a random pattern while that 
in Figure 15b does not. Moreover, when subjected 
to the Shapiro-Wilk test for normality at an alpha 
value of 0.05, the residuals data set for nutrient 
release failed. Swelling experiments should take 
note of the hydrogel size at different time intervals 
to improve precision of residual data. Moreover, 
models can be better fitted with concentration vs. 
time data, so it would be better if actual concentra-
tions are measured (e.g., via spectroscopy) instead 
of masses from gravimetric methods. This can also 
improve accuracy of the R2 values in Table 5 which 
may have been affected by the assumptions made 
to arrive at Equation 12. The lumped coefficient K 
was determined via Eq. 11 using the final hydro-
gel size and saturation time. As shown in Table 5, 
the nutrient release had a larger K than in water 
sorption because the nutrient release took a much 
shorter time by about 55 minutes to achieve satu-
ration than water sorption by about 1800 minutes.

The correction factor A is an empirical coef-
ficient that accounts for the possible deviations of 
the conversion of concentration ratios to mass ra-
tios. It should be equal to 1 if it were an ideal con-
version. However, the obtained values are greater 
than 1 as shown in Table 5. This may be attributed 
to the possible change in density of the hydrogel 
bead through time since its mass and volume also 
change accordingly. This erratic behavior can also 
be attributed to the nature of the hydrogel. Natu-
ral hydrogels such as cellulose-based hydrogels 
are highly biocompatible and bioavailable lead-
ing to a high batch-to-batch variation (Catoira et 

al., 2019). Despite being advantageous on actual 
agricultural applications, this high unpredictabil-
ity and low reproducibility of data on natural hy-
drogels is a disadvantage (Radaza et al., 2022).

Across all models, the diffusion coefficients 
(D or D’) are larger in the nutrient release behav-
ior than in water sorption. This means that the dif-
fusion path length of the nutrients is larger than 
that of water molecules. This can be attributed to 
the relatively larger sizes of fertilizer solutes like 
nitrogen, phosphorus, and potassium. 

Model validation

The second-cycle water sorption data of An-
des et al. (2021) was converted to Mt/M∞ through 
Equation 4. As shown in Figure 16, this was 
plotted against the predicted values when using 
the determined parameters from the modified 
Berens-Hopfenberg model and the semi-empiri-
cal model. Ideally, a good agreement of the data 
and the predictive model can be concluded if the 
points lie at or around the diagonal line since yactual 
is equal to or around the value of ypredicted. Most 
values in Figure 16 are overestimated, i.e., lie be-
low the diagonal line. There are huge discrepan-
cies from the diagonal line at smaller values of 

Figure 15. Semi-empirical model for nutrient release: (a) fitting, (b) residual plot

Table 5. Kinetic parameters of the semi-empirical 
model

Kinetic parameter Water 
sorption

Nutrient 
release

Lumped coefficient, K 0.03425 0.2029

Correction factor, A 1.2170 1.5937
Diffusion coefficient, 
D (mm2/min) 0.02723 0.2479

R2 0.9998 0.9887
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Mt/M∞, implying a significant extent of variation 
in the diffusion stages which happens at the ini-
tial periods of water sorption. By computing the 
root mean squares error (RMSE) of the two data 
sets, the Korsmeyer-Peppas model provided the 
fit with least agreement (RMSE = 0.2284) while 
the concentration-dependent Berens-Hopfenberg 
model provided the best (RMSE = 0.1701). This 
can be attributed to the use of fewer assumptions 
to model the behavior unlike the semi-empirical 
model for diffusion with moving boundary.

To compare the actual kinetic parameters of 
the two data sets, the second-cycle water sorption 
data were fitted into the concentration-dependent 
Berens-Hopfenberg model and the semi-empirical 
model for diffusion with moving boundary. The 
determined parameters are shown in Table 6. For 
the modified Berens-Hopfenberg model, the sec-
ond cycle has a moisture uptake greater in diffu-
sion than in relaxation, as shown by the xF > xR. 
Moreover, despite the decrease in D0’, the β is 
much larger in the second cycle which means the 
concentration-dependence of the diffusion coeffi-
cient is more pronounced. For the semi-empirical 
model, the slight change in K is affected by the 
difference in saturation times for the two water 
sorption cycles. The diffusion coefficient also 

decreased, like the modified Berens-Hopfenberg 
model. The maximum water absorption capacity 
decreases as the number of cycles progress (An-
des et al., 2021). The hydrogel matrix undergoes 
a rearrangement during the deswelling process so 
it can accommodate sorption in the next swelling 
cycle (Enscore et al., 1980). Moreover, the initial 
mass of the hydrogel in the second cycle is lower 
than that in the first cycle and will continue to de-
crease after more cycles of swelling-deswelling. 
This lower initial mass causes a lower capacity 
of accommodating water molecules due to the 
physical changes upon deswelling, leading to an 
increase in hydrogel rigidity. As for other me-
chanical properties of hydrogels, there is a signifi-
cant reduction in the stretchability of crosslinked 
hydrogels, whether its swelling-deswelling or 
deswelling-swelling. The rupture of short chains 
results in the failure of the entire hydrogel net-
work (Huang and Liu, 2024).

CONCLUSIONS

The increasing interest in hydrogel technol-
ogy for agricultural applications has resulted in 
several recent studies on performance tests of 

Figure 16. Water sorption data validated with the parameters from: (a) modified Berens-Hopfenberg model, (b) 
semi-empirical model

Table 6. Comparison of obtained parameters for first-cycle and second-cycle water sorption
Model Kinetic parameter First cycle Second cycle

Modified
Berens-hopfenberg

model

Diffusion fraction, xf 0.3086 0.5656

Relaxation fraction, xr 0.6914 0.4344

Relaxation rate constant, kr (min-1) 0.03452 0.01829

Lumped diffusion coefficient, D0’ (min-1) 0.00000981 0.00002501

Concentration coefficient, β 0.1632 0.4356

Semi-empirical model 
for diffusion w/ moving 

boundary

Lumped coefficient, K 0.03425 0.03814

Correction factor, A 1.2170 1.4947

Diffusion coefficient, D (mm2/min) 0.02723 0.007646
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different types of hydrogels. Existing kinetic 
modelling studies rely mostly on the commonly 
used Korsmyer-Peppas model and the Berens-
Hopfenberg model, which are too ideal and often 
yield inaccurate parameters.

In this study, data on water sorption and nutri-
ent release were subjected to data fitting into sever-
al models of mass transport. For both data sets, the 
Korsmeyer-Peppas model yielded a pseudo Fickian 
type of transport, which is unrealistic as the model 
is only accurate for the first 60% of diffusion. More-
over, the concentration-dependence of the diffu-
sion coefficient provided a better fit to the previous 
Berens-Hopfenberg model, which assumed that the 
diffusion coefficient as constant. To account for the 
real-time change in hydrogel size during swelling, a 
semi-empirical model was developed through sev-
eral assumptions. This model also yielded a more 
accurate fit compared to the Korsmeyer-Peppas and 
Berens-Hopfenberg models.

The obtained kinetic parameters can be used 
in simulating the effectivity of the use of bio-
based hydrogels in agriculture as (i) water car-
riers in times of water shortage and (ii) nutrient 
carriers to address fertilizer underutilization. The 
study revealed that the relaxation process of hy-
drogels contributes to sorption more than the dif-
fusion process. Moreover, the study was able to 
derive novel and more accurate models in mass 
transport that account for non-idealities that have 
never been considered before in kinetic studies 
particular to agricultural applications. This opens 
possibilities of further research where modelling 
of mass transport in hydrogels can be more pre-
cise by developing system-specific models. This 
can also benefit mass transport applications in 
other fields such as pharmaceutical, biomedical, 
and environmental.
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